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Hybrid Nematic Films: A Detailed Monte
Carlo Investigation
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We present detailed Monte Carlo (MC) simulations of a nematic film with
antagonistic boundary conditions corresponding to homeotropic and homogeneous
planar anchoring at the two surfaces. The simulations are based on the Lebwohl-
Lasher lattice spin model with boundary conditions chosen to mimic the cell
anchoring. We have investigated the model using both a standard Metropolis
and a reweighting Monte Carlo method recently implemented for continuous
systems.

Keywords: anchoring; hybrid films; Monte Carlo; nematic liquid crystals; Wang-
Landau algorithm

INTRODUCTION

Confined nematics exhibit peculiar physical phenomena connected to
fundamental liquid crystal (LC) properties and to various important
applications [1,2]. The confining surfaces, for instance curved and/or
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possibly with antagonistic boundary conditions, can result in
competing multiple minima in free energy space, leading to frustration
as well as to observable transitions between a variety of non-trivial
equilibrium structures which would be otherwise difficult to realize
[2]. The overall effect on the director field is difficult to predict, as in
confined systems there is in general a competition between effects
due to the boundary conditions, the ordering interactions inside the
LC system, and the disordering effects due to the temperature [3].
Different organizations can be obtained as a function of some suitable
external driving parameters changing the easy axis at the boundaries
(e.g., by irradiation of azobenzene covered surfaces [4] or, more fre-
quently, just by applying an external field or changing the tempera-
ture. A typical example of confinement leading to competing
mechanisms [5,6] is that shown by hybrid nematic films [2,7-11],
where a liquid crystal layer is placed between two plates, typically
with lateral dimensions much greater than the thickness, and with
antagonistic boundary conditions: homeotropic at z=d to planar at
z=0. In this system two limiting structural organizations can exist.
The first corresponds to a continuous deformation of the director
across the sample between the two easy axis directions. The other is
a “biaxial” or “director-exchange” configuration with uniaxial align-
ment close to each of the two substrates and a sudden switch from
one to the other [7,8,11]. From continuum theory and Frank free
energy minimization methods [7,8] these opposite boundary conditions
are expected to cause, for sufficiently thin films, a structural tran-
sition from the bent-director to the biaxial structure. The biaxial struc-
ture should be formed only when the thickness of the liquid crystal
film is below a certain critical value (estimated at ~47nm for the
nematic 5CB [10,11]). On the other hand, at fixed thickness, a tran-
sition from a biaxial organization to a continuous variation of the
director orientation across the cell is expected when the temperature
of the system is lowered [8,10]. The system can be conveniently stud-
ied by computer simulations of a Lebwohl-Lasher type lattice model
[3,12], that represent a powerful tool for studying ordering and struc-
tural transitions in uniaxial [13] and biaxial [14] nematics and their
defects [3,5,10,15], particularly when the effect of complex boundaries
and temperature has to be investigated. For instance, multiple organi-
zations were also predicted and confirmed by Monte Carlo simulations
[3,5] on a closely related system with degenerate, rather than uniform
boundary condition, at the planar anchoring surface.

For the hybrid film, our previous canonical ensemble Monte Carlo
simulations based on Lebwohl-Lasher lattice spin model [10] have
confirmed that indeed two different structures can be formed.
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Moreover, if the thickness allows the formation of the biaxial phase,
two transitions occur as the temperature is varied. Upon cooling from
the disordered isotropic phase, the first transition was clearly seen to
be to the biaxial phase, and the second from the biaxial phase to a
bent-director nematic phase.

Not surprisingly, given the complexity of the system, various points
remain unclear, in particular concerning the extent of the physical
region joining the two uniaxial nematic domains forming the biaxial
phase and the effects of anchoring strengths.

To get a better understanding of this system here we wish
to present a detailed investigation of the hybrid cell by using both
the standard canonical Monte Carlo methods as well as [16], a multi-
canonical Monte Carlo method based on the Wang-Landau algorithm
[17] recently applied to studying the nematic-isotropic phase
transition [18].

We shall discuss, in particular, the effects of changing the anchoring
strength, that was not investigated in [10], and the thickness of the
hybrid nematic film.

THE SIMULATION MODEL

The Monte Carlo simulations were based on the simple and well stud-
ied Lebwohl-Lasher (LL) lattice spin model [12,13] already success-
fully employed in [10]. The particles interact through the attractive
nearest neighbors LL pair potential

U,j =—¢;Po(u; - u;), (1)
where

D RN 0 for i,j nearest neighbours
W10  otherwise,

(2)

u;, u; are unit vectors along the axis of the two particles (“spins”) and
P is a second rank Legendre polynomial. The spins represent a clus-
ter of neighboring molecules whose short range order is assumed to be
maintained through the temperature range examined [3]. The bulk
Nematic-Isotropic (IVI) transition for this model occurs at a reduced
temperature T* =kT/e=1.1232 [13].

The different boundary conditions are mimicked assuming a layer
of outside particles with a fixed orientation consistent with the desired
type of alignment at the top and at the bottom surfaces [3]. As we have
mentioned before, in this work we need to consider hybrid boundary
conditions which are homeotropic at the top surface while at the
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bottom the alignment is considered to be always planar and homo-
geneous (along the x direction).

The anchoring strength at the top and bottom surfaces can be tuned
by considering a different value of &; when the spin j belongs to the
additional layers. Periodic boundary conditions are instead employed
at the four lateral surfaces of the simulated sample.

To generate the lattice configurations we have used the standard
Metropolis Monte Carlo procedure [16] where one spin at a time is
updated as described in [3] or a non-Boltzmann sampling using the
Wang-Landau algorithm [17,18].

We schematically recall the basic idea of the relatively less well
known Wang-Landau (WL) algorithm. If a random walk with a tran-
sition probability proportional to the reciprocal of a chosen function
of energy, say g(E) is performed, the resulting probability distribution
is given by

P(E) = exp (% - n[g(E)]), (3)

where S(E) is the micro-canonical entropy and kg is the Boltzmann
constant. It is clear that if S(E)/kg = In[g(E)], then P(E) is same for
all energy values E and the histogram of all the microstates so visited
becomes flat. This maps to choosing g(E) corresponding to the density
of states of the system, which however is not known a priori. Following
the WL method the system is algorithmically guided through a learn-
ing process leading asymptotically to the estimate of the density of
states. Thus, to start with we set all entries to g(E;) = 1 for all i. Each
time an energy level E; is visited, we modify the density of states as

g(E;) — g(E)f; or Inlg(E;)] — In[g(E;)] +In(f) (4)

where the WL factor In(f;) > 1. We use the updated density of states in
the next step. In general, if x; and x; are two microstates before and
after the local trial energy change in the configuration space, the move
from x; to x5 is accepted with the probability given by

£iBin) |

p(x1 — x2) = min {m

Using this basic idea the WL algorithm was modified to study con-
tinuous systems [18] and an example of the density of states and of
the ensemble is reported in Figure 1. All the desired physical obser-
vables are obtained by un-weighting with the density of states and

(5)
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FIGURE 1 Density of states and the ensemble as obtained from the simulation
of a 15 x 15 x 10 hybrid system.

reweighting with the Boltzmann factor at the given temperature. The
average of an arbitrary observable can be written as:

go(Ei)eXp(_ﬁEi + o(E;))

>_exp(—fE; + a(E;))

(0) = (6)

with f=(1/kT) and o(E;) =In[g(E))].

SIMULATION RESULTS

Using first the standard Metropolis Monte Carlo method we have per-
formed a set of independent complete simulations for a wide tempera-
ture range for some selected values of the film thickness d. The
simulated films are L x L x (d + 2) lattices, with L =15, 30 and d =4,
6, 8, 10, 12, 16, and 22. Using the WL multi-canonical algorithm we
have further studied four systems of dimensions 15 x 15 x d, where
d=4, 5, 6, and 10. The anchoring strength of the two substrates, &;
and & defined in units of LC-LC interaction (¢), was independently
changed in steps of 0.25 from 0.25 to 1. During canonical sampling,
the average of every quantity is taken over one million microstates
for every temperature. The Wang-Landau runs were performed over
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80 iterations, in order to get a well converged density of states. Based
on this density, a production run was performed and about 5 million
micro states were collected. Microstates uniformly distributed in
energy (flat histogram of microstates along energy axis) along with
the knowledge of the density of states can now be used to build canoni-
cal ensembles at any arbitrarily chosen temperature. Every state col-
lected was un-weighted with the density of states and reweighted with
the Boltzmann factor at this chosen temperature. All the observables
were collected for every temperature, with a precision to the second
decimal digit. More specifically, we calculate energy, ( E), specific heat
(C,), computed as the fluctuations in the energy of the system, the sca-
lar second rank order parameter (S =(P2)1), as obtained from the lar-
gest eigenvalue of the ordering matrix @;;, for the whole system and at
each layer of the film [3,13], a biaxiality parameter (P) defined as:

P=|Qj; — Qul|v2

where jj, kk # ii. We have also calculated the nematic order parameter
(Ps) , with respect to the z laboratory fixed direction:

Ny,

o).~ gy 2 2 @

where ¢F is the direction of the ith spin belonging to layer L and N,
is the number of particles in that layer. In Figure 2 we report the
variation of (Ps), across the cell for the various film thicknesses at
four different temperatures. The dependence of the order at each layer
on the thickness is noticeable, especially at the center of the cell,
where the influence of the surfaces is the lowest. We see that for the
thinner films (d =6,8) the ordering changes regularly from being on
average perpendicular (( Py ), <0) to parallel ({ Ps), > 0) to z at all tem-
peratures, even above the bulk T'yi. In these cases we do not see a
biaxial structure. However, for the thicker films: d =16 and 22, the
change of behavior with 7* is apparent. While for 7% <1.1 the
(Pg), is still regularly increasing, at T*=1.2 a plateau with (Ps),
~0 appears. The situation is less clear for the intermediate thickness
corresponding to d =10 and 12.

In Figure 3 we report the bending parameter Qy, [10], which defines
the coupling between the two preferred directions x and z and
that should help to distinguish between the biaxial and bent-director
structure [10]. We see that at the highest temperature Q,, ~ 0 in all
cases, while fairly large values are shown up to 7% = 1.1 for thickness
d=12, 16, and 22.
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FIGURE 2 The second rank order parameter (Ps),, calculated at each layer
of the hybrid cell, for various values of the film thickness d at 7 =0.9 (&),
1.0 (@), 1.1 ([0), and 1.2 (e). The lateral dimension of the system is L = 30.

To examine the nature of the change of organization we resort to the
WL MC calculations, that allow a detailed study as a function of tem-
perature. We report first results of WL Monte Carlo simulations for a
sample of dimensions 15 x 15 x 10 with the anchoring strength at every
substrate set at ¢;=¢=1.00 (i.e., LC-LC and LC-wall interaction
strength have again the same value and the value is the same at both
walls). We notice that the heat capacity Cy, obtained from the mean
square fluctuations in the energy, shows a peak at a temperature
T5* =1.183 and a shoulder at 71 = 1.09 (Fig. 4, right scale). A tilt angle
¢; with respect to z-axis is also obtained diagonalizing the local Q
tensor at each layer [10] and is plotted as a function of temperature
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FIGURE 3 The bending parameter Q,, at each layer of the hybrid cell, for
various values of the film thickness d at 7*=0.9 (A), 1.0 (@), 1.1 (1), and
1.2 (o). The lateral dimension of the system is L = 30.

in Figure 4. We see from the tilt angle (Fig. 4, left scale) that the tran-
sition at 7% = 1.183 corresponds to a transition from a disordered state
to a biaxial-nematic phase, where the layers close to each surface
assume a tilt consistent with their anchoring direction. The shoulder
at T*=1.09 seem to indicate a structural transition, from biaxial-
nematic phase to a bent-director nematic phase, as we can notice that
deep in the nematic phase the angle ¢; uniformly decreases from 90° at
the first layer of fixed spins to 0° at the other layer of fixed spins. The
structure corresponds to the continuously changing director field in the
bent-director structure. At temperatures above a certain threshold
(about T*=1.2) the curves of the layers, progressively less affected
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15x15x10
r|=£.=1 .00

ofdeg]

FIGURE 4 Director’s tilt angle with respect to the z axis (left scale) and the
fluctuations in energy (right scale) as a function of temperature. The angle is
calculated at each distinct layer for a 15 x 15 x 10 system and anchoring
strengths ¢; =¢3=1. The results are obtained by a Non-Boltzmann (Monte
Carlo) simulations and lines are guides to the eye.

by the substrates, approach a tilt angle value of 53°, which is close to
the zero of the function Py (the so-called magic angle). However, since
the director itself cannot be defined at higher temperatures in the
absence of orientational order, the tilt angles depicted in the tempera-
ture region are only illustrations of the on-set of a disordered phase.

To investigate the effect of anchoring strength a system of dimen-
sion 15 x 15 x 6 was then examined in detail, progressively reducing
the coupling to the surfaces. The system was first studied by fixing
the anchoring strength of both substrates at 1.00 (¢; =&, =1.00). It
was found from Cy (not shown) that, similar to the system with
10 layers, two transitions occur. The transition from disordered
phase to biaxial phase is at 7*=1.160 & 0.001 and the other is
at 1.050 £ 0.001. It was observed that the maximum peak of the
biaxiality P corresponds to a temperature intermediate between the
two transitions (Fig. 5, right).

The dependence of the biaxial order parameter on the temperature
for the whole system and for each layer showed that on increasing the
temperature we observe an increase of the biaxiality up to a transition
to the isotropic state. This biaxiality increase is more pronounced in
the center of the cell as can be seen by the data reported for the central
layers (Fig. 6).
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FIGURE 5 Variation of director tilt angle with z-axis and the biaxiality with
temperature for a 15 x 15 x 6 system (g; = ¢2).

The anchoring strength of the substrates was then reduced in
successive steps of 0.25 from 1 to 0 and all the properties were re-
computed for each anchoring strength. It should be noticed that with
the decrease in anchoring strength the signature of the higher
temperature transition was not visible in the specific heat. On the

15x15%6
i &= 20.75

S (for every layer)
P (for every layer)
3

1o 15 20 an LE] 10 15 20

FIGURE 6 The layer-wise nematic (left) and biaxial (right) order parameters
with change in temperature.
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FIGURE 7 Fluctuation of the tilt angle with temperature for a 15 x 15 x 6
system and ¢; =¢;=0.25.

other hand the fluctuations in the tilt angle gave a clear signature for
this transition (Fig. 7) and this helped to find the transition tempera-
ture of the ordering transition for small anchoring strengths of the
substrates. The transition becomes sharper with the decrease in
anchoring strength. Correspondingly, the order is minimum and biaxi-
ality maximum for maximum anchoring strength (¢ =1.00).

To get a better appreciation of the effect of the thickness of the
liquid crystal films three systems were studied 15 x 15 xd, where
d=6, 5, and 4. A bent structure was observed for systems of all the
three thickness. In all the systems there were two transitions occur-
ring first from disordered state to a biaxial phase and second from a
biaxial phase to bent-director nematic phase with decrease in tem-
perature. Every system was studied by changing the anchoring
strength of the substrates and also in these cases it was observed that
for the systems with lower anchoring strength, the specific heat did
not give a signature of the ordering transition.

It is to noticed that the transition temperature increased with
increase in the size of the system.

CONCLUSIONS

We have performed Monte Carlo simulations of a nematic film
with hybrid boundary conditions. Our simulations are based on the
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simplest successful lattice potential put forward to describe nematic
liquid crystals (Lebwohl-Lasher). We have employed a standard
Metropolis and a non-Boltzmann Monte Carlo methods. This latter
and powerful method confirmed the assertion made by the work done
using canonical Monte Carlo method and the mean field methods.

There are two transitions occurring in a hybrid nematic film with
the change in temperature. With the decrease in temperature the first
transition occurs at a temperature higher that the nematic isotropic
transition, from a disordered phase to a biaxial nematic phase. The
second occurs at a temperature lower than the nematic isotropic tem-
perature, from a biaxial nematic phase to a bent-director nematic
phase. The signatures of transitions were seen in the fluctuations in
energy. The layer-wise order parameter and the layer-wise tilt angle
with variation in temperature gave a clear indication of the different
structures formed in a hybrid film with changes in temperature.

The transition became sharper with the increase in size of the liquid
crystal film but there was also an increase in the transition tempera-
tures. It is observed that the biaxiality present at the lower tempera-
ture (with bent structure) depends on the anchoring strength of
the substrates and is fairly independent of the size of the system
(Fig. 8). With the increase in the anchoring strength the biaxiality
increases (Fig. 9). It is seen that a distortion develops in the
bent-director with the reducing of the anchoring strength of the

0.24 —==e=1.00
0.224 £ = =0.75
0.20 4 e,=,=0.5

=:=0.25

P at low temperatures

FIGURE 8 The biaxiality at lower temperatures with reduced temperature.
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FIGURE 9 The variation of biaxiality with anchoring strength at low
temperatures.

system (Fig. 10). The fluctuations in the tilt angle gave a deeper
insight into the higher temperature transition which had no signature
in the specific heat. The transition temperature increased with the
size of the system (Fig. 11). The modified Wang-Landau Monte Carlo
approach has proved to be very useful in the present work allowing
the simulation of a greater number of state points, a high resolution
in temperature, and, moreover, the easy determination of the free
energy of the systems.
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FIGURE 10 The bent director gets distorted with the decrease in the anchoring
strength of the substrates simultaneously.
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FIGURE 11 The variation of transition temperature with the liquid crystal
film thickness (d).
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